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' Within five-dimensional compactified theories we discuss generalized periodicity and orbifold 

CNJ , boundary conditions that allow for mixing between particles and anti-particles after a shift by 

the size of extra dimensions or after the orbifold reflection. A systematic strategy for construct- 
' ing 4-dimensional models is presented, in particular we find a general form of the periodicity and 

orbifold conditions that are allowed by consistency requirements. We formulate general conditions 
for a presence of massless Kaluza-Klein modes and discuss remaining gauge symmetry of the zero- 
mode sector. It is shown that if the orbifold twist operation transforms particles into anti-particles 
then the zero-mode fermions are 4-dimensional Majorana fermions. The possibility of explicit and 
spontaneous CP violation is discussed. General considerations are illustrated by many Abelian and 
^ ' non-Abelian examples. 
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■ I. INTRODUCTION 

I In the Standard Model (SM), the Higgs mechanism is responsible for generation of fermion and vector-boson 

masses. This mechanism, though it leads to renormalizable and unitary theories, has severe naturality problems 
' associated with the so-called "hierarchy problem" [if . The tree-level version of this problem reduces to the fact that 
a possible (and in the context of grand unified theories even necessary) huge ratio of mass scales is adopted without 
any explanation (aside from a desire to make these models phcnomenologically viable) . Radiative corrections usually 
exacerbate this problem as the quadratic corrections to the scalar masses tend to destabilize the original ratio, which 
; ^ ' requires order-by-order fine tuning of the parameters. 
Ci I Extra dimensional extensions of the SM offer a novel approach to the gauge symmetry breaking in which the 
hierarchy problem could be either solved or at least reformulated in terms of geometry of the higher-dimensional 
space. Among various attempts in this direction it is worth mentioning the following: 

• The spontaneous breaking of gauge symmetries by imposing non-trivial boundary conditions along the extra 
(compactified) dimensions; the so called Scherk-Schwarz (SS) mechanism 

• Symmetry breaking through a non-zero vacuum expectation value of extra components of the higher dimensional 
gauge fields; the Hosotani mechanism 0| ^. 

• Gauge symmetry braking by asymmetric boundary conditions (BC) in models of extra dimensions compactified 
on an interval [5j- 

It is worth noting that even though 5D gauge theories are non-renormalizable, nevertheless, as is has been recently 
verified the effective 4-dimensional (4D) theories are tree-level unitary. 

In a recent pubhcation we have shown that 5D Quantum Electrodynamics compactified on a circle violates CP 
either explicitly through a non-symmetric BC or, what is theoretically much more appealing, spontaneously through 
a non-zero one-loop vacuum expectation value for the zero Kaluza-Klein (KK) mode of the extra component of the 
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^ If the symmetry to be broken is a local one, then the Hosotani mechanism is equivalent to the Scherk-Schwarz breaking, see e.g. 0. 
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U(l) gauge field. The implementation of this idea in a realistic model of CP violation (CPV) based on a 5D theory 
requires that the theory produce the correct chiral and flavor structures in the light sector. We consider this latter 
issue in this paper. 

In order to produce a chiral effective 4D theory we will follow a standard approach and consider a 5-dimensional 
gauge theory compactified on the S1/Z2 orbifold. We will, however, modify and generalize the usual treatment by 
allowing non-standard twist operations. Specifically (y denotes the coordinate of S1/Z2 and L the radius of Si) 
under the translation y ^ y + L, or under orbifold Z2 reflection y — s- —y we will allow mixing between particles and 
their charge-conjugated counterparts. Such mixing offers particularly useful way to construct models that generate 
spontaneous CPV in the same spirit as in Q; theories of this type are characterized by a non-standard orbifold 
parity for the fifth component of the gauge field, as only then the corresponding zero mode survives, and it is the 
vacuum expectation value of this zero mode that is responsible for CPV. In this case, however the corresponding 4D 
components do not have a zero mode, and this corresponds to a reduction of the light-sector gauge group. We show 
below that this situation is indeed realized when non-trivial orbifold boundary conditions are chosen. 

Allowing the boundary conditions to mix particles and anti-particles often reduces by one half the fermionic degrees 
of freedom and the surviving KK modes (including zero modes) behave as 4D Majorana fermions. Such a mechanism 
will be described below and will be of use when constructing models for neutrino physics within the context of higher 
dimensional theories 

The paper is organized as follows. In Section ^] we fix our notation and we consider the basic properties of the 5D 
theory including gauge symmetry and discrete symmetries. Section contains discussion of zero mode sector with 
general conditions which must be satisfied for the existence of zero modes. In Section Hill we illustrate the general 
discussion within Abelian theories containing one or two fermionic fields. Section IIVI shows non-Abelian examples 
of models with the generalized BC. Summary and conclusions are presented in Section IVII The appendix contains 
detailed discussion of the single Abelian fermion and of the possibility for the spontaneous CPV. 



We will consider a general 5-dimensional (5D) gauge theory with the gauge fields Ai\i coupled to a fermionic 
multiplet The corresponding Lagrangian takes the form 



where Dj^ ^ + ig-^Af^, A^r = A^T". We assume a general gauge group (not necessarily simple), where the gauge 
couplings are all expressed in units of 55 (which proves convenient since these couplings are not dimensionless) and 
are absorbed in the definition of the gauge fields; the group generators Ta are assumed to be Hermitian. All fermions 
are collected in the multiplet ^' that is in general reducible, and may contain several sub-multiplets transforming 
according to the same gauge-group irreducible representation^. We will allow all fields to propagate throughout the 
5D manifold. 

We assume that the global topology of the 5-dimensional space-time is x (^1/^2). We denote hy x^, = 0, . . . , 4 
the coordinates (with x° the only time- like direction) ; and by y that of 6*1 /Z2 , with < y < L and y identified with 
—y. The metric is assumed to be flat, with convention gNM = diag(l, —1, —1, —1, —1) with the last entry associated 
with S1/Z2. 

Given this space-time structure the fields can have non-trivial boundary conditions (BC) in the y coordinate, both 
under translations y y + L and inversions y — s- —y. We will consider the most general boundary conditions allowed 
by the gauge and Lorentz (in M^) symmetries, which may involve both the fields and their charge conjugates. Such 
mixed BC can violate some of the global symmetries, and the conditions under which this occurs and its consequences 
will be investigated below. It is worth emphasizing that the theory is defined by ^ together with the imposed BC, all 



^ We could, in principle, consider a non-standard kinetic term, ■ipZ^^ d^^ip, with Z a Hermitian matrix. However, if we restrict ourselves 
to non-tachyonic theories, then the eigenvalues of Z must be positive, so in the diagonal basis we have Z = K^, where X is a real 
diagonal matrix. The rescaling ip — > K~^ip would bring the kinetic term to its standard canonical form adopted in IT] . 



II. GENERAL CONSIDERATIONS 



A. The Lagrangian 




a 



(1) 
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of which we assume fixed. A transformation that alters the BC maps one theory to another and cannot be understood 
to be a symmetry of the original theory. 

In order to simplify our notation we will often suppress the dependence of fields on x, and write e.g. xiu) or A^/ (y) 
instead of x(x,?/) and AM{x,y), respectively; it should be understood that whenever a field depends on y it is also a 
function of x. 



B. Periodicity 

As mentioned above we will discuss generalized periodicity conditions that allow mixing between particles and 
anti-particles: 

where ^''^ denotes the charged-conjugate field C5 (ip) with C5 the 5D charge conjugation operator defined by the 

relation 7QC5 7o7ArC5 = 7^ ^ , Ui,2 are global elements of the gauge group while the matrices F and T are matrices 
constrained by requiring invariance of C under the so called twist operation defined by the right hand side of (0). In 
particular, it is easy to see that the invariance of the fermionic kinetic term ^ij^ d^'i' requires = F^ — F and 
Tl = Tr = T. Therefore we wiU consider only the non-chiral BC *(y + L) = F1'(t/) + T*'i'''{y). Note that the 
matrices F and T in general affect both flavor and gauge indices. 

The motivation for considering the option P2 is to allow for the presence of the charge-conjugate gauge fields in the 
BC in parallel with our choice of fermionic boundary conditions, which also involve charge-conjugate fields. It should 
be emphasized that a linear combination of PI and P2 is not allowed since it does not leave the gauge kinetic term 
invariant 

In describing the constraints imposed by the invariance of £ under (|2Jl it proves convenient to introduce the following 
notation 

* ) -^^[r r*) 
Ta \ f u, \ f 
-t; J ^'=[ ui ) ^^^\U2 ) 

in terms of which the fermionic periodicity conditions arc simply 

X(y + L)^ A*x{y) ■ (4) 
Requiring invariance of the kinetic term '^i^^ Dn'^ gives the following conditions on the acceptable BC: 

.A .A - 1, ^2 : [Ta,U2A] = • 

Decomposing ^ into a set of gauge multiplets {V'r} each transforming as an irreducible representation of the gauge 
group, we find that A can mix ipr with ips (via F) or with (via T) provided ips and "0^ belong to the same irreducible 
representation as ipr- We will discuss this in detail in section III PI 

The conditions for the mass term to be invariant under the twist operation can be derived in the same way, we find 

[A,M]^0; M^(^q_Ij.A. (6) 



^ Whenever an explicit representation is needed for the Dirac matrices we will adopt the Dirac representation. In this case C5 = 7173. 
The 5D parity, which will be relevant later, is defined by 'I' — > P"^ with P = 7074. We also choose 17* = -I-75 = j7''7-'^7^7'^. Note that 
in 5D, the parity reflection is defined Q such that one spatial component is preserved: x^'"^ — > x"'* and —x^, for i = 1,2, 3. 

* For Abolian groups there appears to be an additional sign freedom since the gauge-kinetic term is even in A. One can verify, however, 
that this is in fact covered by either PI or P2. 
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We note that it is possible to choose a basis where the fermion fields are simply periodic: writing A* = e''^, the 
fields (see also 0): 

x'{y) = e~^'^y/^x (7) 

satisfy x'iu + L) = x'iu)- Such a transformation, however, generates a non-standard y and ^-dependent mass term. 
We do not use the above field redefinition because of this complication. 

C. Orbifold reflections 

In a similar way we adopt the most general twist transformation for the orbifold reflection y — > ~y. The BC read: 

xhy) ^ ibB*x{v) 

A.i-v) { i-^Y''UlAM{y)U, (i?l) 
where sn = ^Ar,4, C^i,2 are global gauge transformations and 

B^('IH)- (9) 



Requiring now the invariance of C under |Hll implies 



(10) 



where 

The mass term is invariant under the orbifold twist (jSJ provided 

{B,M}^0. (12) 

D. Consistency conditions 

The periodicity and reflection transformations are not independent since —y = [—{y + L)] + L and — (— y) = y. 
These imply, respectively, 

B = ABA, (13) 

B^ = 1 (14) 

for the fermions. For the Pi — Rj BC (i,j — 1,2) the corresponding constraints on the gauge bosons give (no sum 
over i and j) 

[r„,V,V,V,V/]=0, (15) 
[ra,V!]^0, (16) 



where Vi^Ui, Vi = Ui and V2 = V2 = U 



2, v-i — Wl^J 

These conditions imply that V^ ViVjV/ and Vl belong to the center of the group. If the representation generated 
by {to} is split into its irreducible components, the projection of these matrices onto each irreducible subspace must 
be proportional to the unit matrix as a consequence of the Schur's lemma. We now examine this and other similar 
restrictions imposed by the local symmetry. 
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E. Gauge invar iance 



Under a gauge transformation Q the fields transform as 



A'm = - — riDN^'' and 



*55 



X 



(17) 



For the theory to be gauge invariant the gauge-transformed fields should satisfy the same boundary conditions (0) 
and (jSJ): 



x'{y + L)=A*x'{y) 



, n - / +u,^A'^^y)Ui [P^) , „^ f (-i)^~c/M^(2/)t>i (i?i) 



(18) 
(19) 



We consider first the constraints implied by imposing PI. Using the transformation properties of x we find that 
this choice of BC respects gauge invariance provided 



0{y ^ L) = AO{y)A^ (PI). 
Similarly, the transformation properties of the gauge fields require 

which leads to 

Ta,n\y)UMy + L)Ul\ =0, 
where we used Q to express AN{y + L) in terms of AN{y). In terms of O these constraints become 



(20) 
(21) 



(22) 



Ta,OHy)U^O{y + L)UI 



0. 



(23) 



Using then (|20|) we find 



OdNO\UiA] = 0, 

Ta^O'^UiAOA^Ul 



= 0, 



(24) 



where O is evaluated at y. 

For connected gauge groups one can always write Oijj) ~ exp{iLUa{y)Ta); in this case the first equation in H24|l is 
satisfied once (O is imposed. The second equation in (|24|) is also satisfied since by (jS)) UiA commutes with all the O. 
So, the bosonic BC are gauge invariant as a consequence of the symmetry of the Lagrangian under the twist operation 
((SJ and of the gauge symmetry of the fermionic BC (|18|l . 

Similar arguments for the other three types of boundary conditions show that for any choice Pi — Rj the theory 
retains its local symmetry provided (jSJ and (|10|) are valid and if the gauge transformations are restricted by the 
conditions 



0{y + L)= AO{y)A^ and 0{~y) = BO{y)B'' . 



(25) 



For non-Abelian groups it is not too difficult (at least for infinitesimal transformations) to show that the converse, 
i.e. that the gauge invariance of the bosonic BC Ijiyi) implies that the invariance of the fermionic ones (|18|l (which is 
equivalent to H'2b\i ) also holds, provided (jSJ and IjlUI) are satisfied. In other words, the bosonic BC are gauge invariant 
if and only if the fermionic BC are gauge invariant, provided the theory is symmetric under the twist operations (jSJ 
and H1(J|I . For Abelian groups a similar calculation leaves a phase ambiguity. 



6 



When the fields are expanded in Fourier series, the conditions (0) and H10() often forbid the presence of zero modes 
for some of A]^. The absence of certain gauge boson zero modes is directly related to constraints which must be 
satisfied by the gauge functions oja{y) to obey (|^ . 

For instance, as a prelude to the discussion of various Abelian examples in section UlI Al it is worth listing here for a 
U{1) gauge theory the forbidden gauge-boson modes together with the restrictions on the allowed gauge transformation 
that follow from ((JSJ: 

• P1/P2: The gauge invariance of BC requires periodicity (PI) or anti-periodicity (P2); A(y + L) = ±A(?/) {A{y) 
is the U(l) gauge function: Am Am + c^Af A). Note that for P2 the anti-periodicity of A^{y) eliminates a 
massless photon for this choice of BC. 

• R1/R2: Here for the invariance of the BC one needs A(— y) — ±A(y). In particular a massless gauge-boson 
mode is not allowed by the odd boundary condition R2.. 

Note that y-independent gauge transformations are not allowed for P2 or R2 due, respectively, to the anti-periodicity 
or asymmetry of A(y); in these cases the gauge symmetry of the zero- mode sector (i.e. KK modes of y-independent 
5D fields) is broken completely. This will be discussed in detail in section IVBI 

Though the BC may reduce the gauge symmetry within the zero-mode sector, the whole theory remains 5D gauge 
invariant. It is not difficult to show that, at least for infinitesimal gauge transformations, there exists a basis (in 
general different basis must be adopted for the periodicity and the orbifold conditions) such that H25I) reduces to 
LUa{y + L) = ±uja{y) and uja{—y) — ±Wa(?/) (signs are uncorrelated). Therefore, choosing appropriate values for 
tj(0) and uj{±L/2) it is always possible to find all non-zero, continuous and differentiable lOaiy) such that 125|l is 
satisfied. S The initial symmetry group remains unchanged since alluaiy) are non-zero, though their functional form 
is constrained by the above periodicity and reflection conditions.. 

For example, consider an SU(2) theory with a single doublet and (Pl-Rl) BC. Taking T — Ui — ia^, T — ~iUi — ai 
and T = T = (so ^, S 7^ 1) the conditions, on the gauge transformation functions O — exp{ia^uja) imply 



Therefore the theory (including the BC) will have a local SU(2) symmetry provided the oJaiy) satisfy the above 
constraints. If we had chosen instead T ~ Ui — T — Ui ~ \., T = T = 0(^ = i3=l) then the BC are gauge 
invariant provided i^aiu) — ^a{y + L) = LOa{—y) (a ~ 1, 2, 3); since the oja are all non zero, this is again a local SU(2) 
theory, but not with the same local group as in the first case, in fact, the only common element is = 1. This also 
illustrates another interesting fact, namely, that non-trivial choices of A and i.e. A^ \ and S 7^ 1, do not reduce 
the 5D local symmetry group (as we have just argued the group remains the same), but it may simply change it as 
we have observed in the above example. 

Let us briefiy discuss the gauge symmetry of the zero- mode sector in the above example H26|l . For y— independent 
transformations the periodicity condition PI requires ^1^2 = 0, while Rl requires W3 = 0. In this case the gauge group 
of the light sector is completely broken. 

The above scheme of gauge symmetry breaking in the zero-mode sector by BC (the Scherk-Schwarz mechanism) 
could be also viewed from the following perspective. The 5D gauge symmetry is associated with a set of unconstrained 
gauge functions Uaiy). Imposing BC restricts the set of allowed Wa(y)'s, for instance requiring them to be anti-periodic 
and even. Therefore the symmetry is "reduced" by which we mean that none of the generators is broken (none of 
the LOa is required to vanish identically by the BC) and yet the zero-mode sector has only a subgroup of the original 
group. For instance, in a U{1) gauge model with R2, A^(y) has no zero mode. 



The conditions (O and (|10|l significantly constrain the form of A and B. To derive the general structure of these 
matrices we decompose 5* in terms of multiplets ipr being each in an irreducible representation r of the gauge group. 
As a preliminary result we first show that when r is complex we can assume without loss of generality that ip contains 
no multiplet transforming according to the complex-conjugate irreducible representation f. 

To see this first note that given the structure of the Lagrangian we can assume that the mass matrix is diagonal, 
and we will denote by rur the eigenvalue associated with ipr- Then if the theory does originally contains a fcrmion 



U!i{y) = -uJi{y + L) 
^2(2/) = -i^2iy + L) 
W3(y) = +^^3(2; + ^) 



+uji{-y) 

-^3{-y) ■ 



(26) 



F. General solutions for the allowed boundary conditions 
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multiplet tpf transforming according to the irreducible representation r, the terms in C where this field appears are 



£(^) = [z7^ (dN + i95TPA%') - ruf 



■>Pf, 



(27) 



where the Ta^^ generate the corresponding representation. It is then possible to define a field Vr = (V'f)'^ (that 
transforms according to the complex-conjugate irreducible representation r) in terms of which 



(28) 



where = —rUf and T!f ^ = — . Since we can replace each tpr by its corresponding -ip'^, we can assume that 

^ contains no multiplets in the complex conjugate irreducible representation f. 

This way of eliminating conjugate representations does not lead to any simplifications for real or pseudoreal repre- 
sentations Tu since the corresponding generators satisfy 



'-'u-'-a '-'u ' 



for some unitary matrix Su that is (anti)symmetric for (pseudo)real representations. 
The above arguments imply that we can choose fields such that 



T„ = diag (• • • , 1„, T(-'\- • • , 1„„ Tt-\- ■ •) 



(29) 



(30) 



where we assume the theory contains flavors in the complex irreducible representation re and n„ flavors in the 
(pseudo)real irreducible representation r„. In this expression as in the rest of the paper a matrix of the form 
is understood as having (Q) act on the flavor (gauge) indices, and 1„ denotes the n x n unit matrix. 
Letting de,u be the dimension of r^^„ we define 



F = diag (• • • , ® Id, 
so that Ta = Fr'g^F^ , where 

= diag (•••,!„, ^Ti"^^),- 



■,^nu®Su,---) 



,y(r„) 



■ 11 « T^''*' • • • 11 



.Ti'^J ... 



(31) 



(32) 



Adopting the Schur's lemma and the grand orthogonality theorem (used to eliminate the possibility that the xi^^ 
might be linearly dependent) the twist-invariance conditions [t'^, F'^UiAF] = 0, [T'^,F'^UiBF\ = 0, imply that F'^UiAF 
and F^UiBF have no entries connecting two inequivalent representations, and that entries connecting equivalent 
representations will be diagonal in the gauge indices. Explicitly we obtain 



F^UiAF 



F^'UiBF = 



(Xi®ld, 

x„(g)id„ y^®id 

x;(g)ld, 

V Yu®ld^ 

( Xe®ld, 

Xu®ld^ K®ld 



\ 



X[® Id, 







(33) 



If Ui = explm'Ta}, we denote by Ui-e = exp |m^Ti'^*^| , i = 1,2 and similarly for Ui-u, Ui-e and Ui-u- Then, using 
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the unitarity of lAi and F we find 

PI : 

P2 : 



Rl : T = 



R2 : 



diag 
: diag 
diag 

= diag 
-diag 
: diag ■ 
—diag 
: diag 



,Xi.j^Ulj,,---,Xi.^(E)U. 



■■,Xi,e<»ijlg,---,Xi,u<E)ijl.^,---) 
■,0,---,Yi.u®UluSu,---) 
■■,0,---,Y2,u(^uluSur--) 

■ > ^2-1 ® U2;i, X2;u ® il^^, 



(34) 



Tlie specific form of A and S in © and © allows X'^, 1^, X'^.Y^ to be written in terms of F^, but 
these relations will not be displayed as they are not needed. 
The unitarity of A and B implies: 



Xi-jX^i — Ini 
vT V- V-VT X 



Xj-jXi-i — 

■Xi-u-Xi;u + Yj^.^Yi-u = 
vT -y i_\rT Y 



(35) 



where the upper(lower) signs corresponds to (pseudo)real irreducible representations. 
The consistency condition B = requires, for complex representations, 



Rl : Xi,e = ceXlj, Uf.j = celd, 
-R2 : X2;e = ^-^^2^^ ^mU2-i — Qld^ = 1 j 

while for real or pseudoreal representations we find 



Rl 
R2 



Xi.,u = CuXlu Yi-u = ±CuY^u Ulu = 



Y, 



2;u 



r Y' 



X 



2-u 



= 1 

^11 



(36) 



(37) 



where the (lower) upper sign refers to a (pseudo)real representation. For R2 we used the fact that we can assume 
S"^ = 1 ^. Notice that the above constraints on the matrices U^r are sufficient to obey the gauge-boson-consistency 
constraints H16|l . 

The constraints required by AB = {ABY can be obtained in a similar way. Let us define the matrices 



BC 


Non-complex 


Complex 


PI 

PI -R2 
P2-R1 
P2-R2 


= — ± Y^.^^Yi-u L^^ = X^.^Yi-u + Yi-^Xi-u 

K'\^ = —Xl-uY2-u ± Y{.^X2;u -^12'' = X*.^X2-u + ^l;«^2;u 
K21 = ~^2;m-^1;m + -'^2;«-^l;« ^21 ~ ^^2-u^l;u + -'^2:m-^1;m 
^22' — ~^2:M^2;ti + -'^2;u^2:u -^22' ~ ^^2;u-X2-u + -'^2;ti^2;« 


K^i ~ —Xi-iXi-i 

— Xl.jX2-J 
^21 ^ -''^2;£-^l;^ 
-^22'' = X*.lX2-l 



(38) 



where the upper (lower) signs refer to (pseudo)real representations. In order to fulfill the condition AB ~ {AB)"^ these 
matrices should satisfy 



3 ^ij ' \^i3 J 



1 



(39) 



For a non-complex representation (dropping the u subscript) and taking a basis where Ci are the Cartan generators and Ea the root 
generators, the conjugate representation is generated by C"^ = SCiS^ = —C'i, E'^ = SE^S^ = — E—a from which it follows that 
commutes with all the generators and so = al for some complex number a, \<j\ = 1. Redefining S — > Sjyfa shows we can take 
52 = 1. 
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(no sum over i,j — 1, 2). For complex representations 



1 while for non-complex representations 



x(") 
x(") 



±s 



(u) 
22 



12 
■^21 



'12 

„(«) 
'21 



(40) 



where the upper (lower) sign refers to a (pseudo)real representation. The corresponding restrictions on the matrices 



U,: 



are 



PI - 


m 


Ul-rUi-r 


— ^11 '^l-r'-'l-r 


PI - 


R2 


U2-rUi-r 


— '^l;r'^2;r 


P2 - 


Rl 


Ut,rU2;r 


^ *21 '^2;r'-^l;r 


P2- 


R2 


U2;uU2;r 


— \('')rft fjT 

— ^22 "^2;r'^2;r 



(41) 



(r) Jr) 



It is worth noting that the consistency conditions p5|) also lead to constraints of the form 141|) but with A 
arbitrary complex numbers; the additional restrictions (|39|) . H4U|) follow exclusively from the Hermiticity of AB. 

1 and (|40|) give the most general form for the 



it) 



The expressions (ESJ (ES and (gill together with A 

matrices B, Ui and Uj. In particular 

• The matrices F, T, F and T do not mix ipr and i/'s unless r is equivalent to s or s. 

• For the BC PI and Rl (P2 and R2), in the subspace spanned by all multiplets in the same complex irreducible 
representation r, the matrices T and T (F and F) vanish. In contrast, F and F (T and T) are direct products 
of unitary rotation in flavor indices and global gauge transformation in gauge indices. 

• In the subspace spanned by all multiplets carrying the same (pseudo) real irreducible representation r in general 
T (T) and F (F) are non-zero. 

One of the virtues of including the generalized twist operations is that they allow all mixing consistent with gauge 
invariance; a more restricted standard set (T = T = 0) of BC would not, for example, allow a mixing between "i/^r and 
t/i^/ even though they might transform in the same way under the local symmetry group. The price we pay for this 
generalization is the breaking by the BC of global fermion number (for non-complex representations), and possibly 
other global symmetries. 

There is a comment here in order. The twist invariance conditions, |SJ| and (|10|l . guarantee that the Lagrangian is 
symmetric under the twist operations defined by Q and In addition the fermionic and bosonic twist operations 
must satisfy the consistency conditions, H13I14|I and (|15I16|) . respectively. It is interesting to observe that our general 
solutions H37|) and H41|l show that in fact the fermionic consistency conditions p»jll4|l imply that the bosonic ones 
(|15ll6f) are satisfied. This remarkable fact has been confirmed in all the examples considered in sections IlIII and Hvl 
the solutions for lAi obtained by imposing the fermionic consistency condition automatically satisfy the bosonic ones. 



G. Vacuum expectation values 



One property exhibited by many 5D systems is the possibility that may acquire a vacuum expectation value, 
which can lead to a variety of interesting consequences such as spontaneous breaking of CP ■ In order to determine 
the constraints imposed on such a vacuum expectation value by the various boundary conditions described above we 
define 

which is preserved by Pi — Rj provided 




[A,K^] = {A,^} = 0. (43) 
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For a non-Abelian group there are always non-trivial solutions to these equations. For an Abelian groups, however, 
only the case PI — R2 allows a non-zero vacuum expectation value. Note also that even if a non-zero vacuum 
expectation value is allowed this does not imply that such a (^4) will correspond to absolute minima of the effective 
potential; this can be only decided by explicitly calculating the effective potential and will depend on the fermion 
content of the theory. 



H. C, P and CP 

In 5D the parity transformation acting on the space-time points is defined as follows: a;^''* 
for i = 1, 2, 3. Therefore for the parity acting on fermionic fields and for the charge conjugation we obtain: 

X 7074X , X-^X" = \ " I X • (44) 
Then under CP we obtain 

X ^ loliDx = 7074 f ^ Q \^ (4^) 




while the gauge fields transform as 



A,^ + Af , Ao,4^ - <4 , (46) 



where i = 1, 2, 3. 

One can generalize these definitions by noting that the kinetic term in C is invariant under unitary flavor mixing [Tl| 
among fields belonging to the same representation, so in H45|l we can replace 

X> ^ 1^ ^ with e^e 1 . (47) 

In that general case we find 

+ QAje^ , Ao,i^ - QAl^e^ , (48) 

where i = 1, 2, 3. 

The condition for the invariance of the mass term under CP is {Ai,!)} — 0, or, equivalently, MQ* — 8*Af*. Since 
M is Hermitian, we can always adopt a basis where it is real and diagonal, in which case this condition reduces to 
[M, 8] = 0. It follows that in the absence of CP violation (CPV) we can find a basis where both M and 8 are 
diagonal; one can then choose the field phases such that the matrix V is given by the simple expression used in H45|l. 
If, on the other hand 8 is such that (in a basis where M is real and diagonal) [M, 8] 7^ 0, then the mass term will 
explicitly break CP. 

The boundary conditions will preserve CP invariance only if 

[A*,V] =0 U., = U* [i = 1,2) 

{B*,V} = U,^U*{i^ 1,2) (49) 



or, equivalently, 

Qtpe^r*, 8^f8 = f*, 8^Te = T*, 8^te = t*, (50) 

which, for 8 = 1, merely requires A and B to be real. If any one of these conditions is violated the boundary 
conditions will break CP explicitly. 
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This theory also contains a third source of CPV: the vacuum expectation valueof A4. If (^4) 7^ then we can take 
this matrix as proportional to a Cartan generator® which is a symmetric matrix; then 

- A4 , (51) 

so that such a vacuum expectation value violates CP spontaneously. 

Summarizing: the theory described by |^ will respect CP only if [M, Q] = {A4) = and if the conditions H49|l are 
obeyed. 



III. ABELIAN EXAMPLES 



In this section we will illustrate the consequences of the above generalized boundary conditions for the case of an 
Abelian group. We first study the case of a single fermion and then that of two fermions that exhibits some new 
features. 



One fermion 



For a single fermion of mass m and charge q (in units of (75) we have M = mas and r — qa^ (there is a single 
group generator so we drop the subindex a). Imposing the previous constraints on A and B and using the freedom to 
choose the global phase of the fields to eliminate some of the phases, we find the following expressions, 





PI - m 


PI-R2 


P2-R\ 


P2-R2 


A 




ul + ivas 


-1(72 




B 




<J\ 




Sb<Jl 



where 



(52) 



= 1 and J, = 1 (the signs Sa and Sf, are uncorrelated) . The bare-mass term in C and a possible 



non-zero vacuum expectation value {A4} are allowed only by the combination PI — R2; in this case the mass term 
will conserve CP. 

Whenever BC involving P2 are chosen the fermion field obeys the periodicity condition ^'(y + L) = ^''^(y), which 
leads to *(?/ + 2L) ==-*(?/). Then 



P2 : ^(y) = ^ y 
V2L ^ 



J{n+l/2)-!Ty/L 



If we also impose Rl this expression is further constrained by 5'(— y) = Sb75^(y), as a result we find 

v-n = r"^ I > ^_„_i = (-i)"a2^: (p2-i?i). 



(53) 



(54) 



where (/3„ is a 2-component spinor. For these boundary conditions (P2 — Rl) a bare-mass term for the fermion is not 
allowed in the Lagrangian, nonetheless the if receive a Majorana mass of order 1/L from the kinetic terms: 



»L 00 



«S6(-l)"7r(2n + 1) J, 

^ '-flcJ2Vn+^-C. {P2-RI). 



(55) 



Similar results are obtained for P2 — R2: 



-lSb(J2Vn 

•■Pn 



Lp-n-l = (-1) 0-2^5,, 



That is, there is a group rotation that takes this matrix into a Cartan generator times a real number 
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£ dy^^Hd,^ = - f; 'J^^%±^^la2V^ + H.c. (P2 - i?2) . 



n=0 



2L 



(56) 



If, on the other hand, we impose the periodicity condition PI then '^{y + L) = e'^°"^{y) (corresponding to cos a = u, 
sin a = V in Eq. I52|l and we can write 



oo 

PI : *(y) = ^ XI ^»e*^2™+a)a/L 

V ^ n=-oo 

If we also impose R2 then ipn must obey ip„ = 75'0n this leads to 



(57) 



{PI - R2) . 



(58) 



In this case the bare mass fermion term in the Lagrangian is allowed since under the orbifold twist transformation, 
ip ~^ 75'0'^i the 5D fermion mass term is invariant: 



tpip —ip'^ip'^ = iptp . 
In addition, the kinetic term also generates a Majorana mass term: 



(59) 



dy^ {ij^di ~M)'f = 

2M^t ^„ - ^ {ip>2^n + H.C. 



(PI - P2) 



(60) 



When present, the vacuum expectation value (A/^) will generate an additional contribution to the mass. This important 
case is described in more detail in the Appendix. 
Finally, for the remaining PI — PI case we find 

oo 

^ n— — CX3 

dy^J^idi^ = «^^^^^^V^n75V'n (^1-^1), (61) 



.(2n + z^)7r 

f 

where i/ = (1 — Sa)/^. 

It is worth pointing out that massless fermions are present only when (Pl-Rl) BC are imposed with Sa — +1 or for 
(P1-R2) if M = and a = 0. Note also that the (Pl-Rl) case is the only one where KK fermions are not restricted to 
be Majorana fermions. This is related to the fact that these BC are invariant with respect to global U(l) rescaling of 
the 5D fermion field ^'(j/); only for this choice fermion number remains conserved. In all cases containing P2 and/or 
R2 

• P2: *(y + L) cx *'=(y), 

• R2: ^i^y) cx *^(y), 

so any global U(l) symmetry is broken by the fermionic BC. 

A common consequence of fermion number breaking is the generation of Majorana mass terms and this indeed 
occurs above; the KK fermionic modes are then 4D Majorana fermions. Therefore the generalized BC discussed in 
this paper provide a natural method of constructing 4D Majorana fermions with masses of order 1/L. This can be 
useful when building a realistic models for neutrino interactions, especially if a seesaw mechanism is also implemented. 
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B. Two Abelian fermions 



The case for two Abelian fermions can be studied along similar lines. In this case we have M — diag(mi,m2), 
T = diag((7i, 92) and 

We assume that masses and charges are not zero. The richest structure is allowed by the PI — R2 BC which we 
consider first. 



1. P1-R2 boundary conditions 



This case has a special interest because it is the only one (for the two- Abelian fermion model) that allows a non-zero 
vacuum expectation value for A^. The BC for the gauge fields are 

Aniy + L) ^ An{v) 
A,X'y)^-A^{y) A,{-y) = AM- 

Concerning the fermions, the conditions [A^t] — {S, r} = and [yl, A^] = {S,A^} = suggest that the cases where 
\Tni/m2\ — \qi/q2\ — 1 should be treated separately. This, however is not the case. 

Suppose, for example, that mxjmi = 91/(72 = +1, then the constraints on A and B imply F = T = 0. In addition, 
the Lagrangian has a C/(2) flavor symmetry that allows us to choose F diagonal and T = 1. The boundary conditions 
then reduce to 



i^,(y-|-L) = e^"-V.(2/), i>^{~v) ^ l^my) (* = 1,2). (64) 

so that each flavor has an expansion of the form H57|l - H58|) . If mxlmi = <i\l<li = then, following the discussion of 

section FlI Fl it is convenient to introduce ■!/'2 = {^'■if' so that the new field has mass and charge vn'2 = —m2 = 

^2 = — +<Zi; in terms of '01, ^"2 the theory is identical to the one just considered. If the masses and charges 

do not satisfy \mi/m2\ = |(Zi/'i'2| — 1 then gauge invariance requires that the boundary conditions be again given by 

(El. 

We conclude that with appropriate choice of fields the two fermions decouple from each other when the boundary 
conditions (P1-R2) are imposed. In this case the considerations of the previous section determine the physics of the 
model. In particular, for this choice of BC, CP is violated either explicitly non-zero a,; or spontaneously by one-loop 
vacuum expectation value of A4, see the Appendix. 



2. Pl-Rl boundary conditions 



In this case the constraints are satisfied only when mi = m2 and qi — —q2 and provided F = T = 0, T = AtJi with 
|A| = 1 and F = diag(e'", e~*") The freedom to redefine the global phase of the fields can then be used to set A = 1, 
then we have 

V'i(y + L) = e+*"Vi(2/) M-y)^i5r2{y) (gg^ 
ip2iy + L) = e"'"V'2(y) V'2(-y) = i5-^l{y) ■ 

This can be used to eliminate 02- The action then becomes twice the action for ■01 alone, with ipi obeying the above 
periodicity condition; this case also reduces to a single-fermion model. 



The U(l) gauge symmetry implies that [M, T] = 0, so therefore both M and T can be chosen diagonal. 
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3. P2-R1 boundary conditions 

In this case the constraints are again satisfied only when mi — m2 and qi — —q2 and provided F = T = 0, T = Aci 
with |A| = 1 and 

The freedom to redefine the global phase of the fields can then be used to set A = 1, (3' — 0, then we have 

My + L) = e+'f'My) M-y) = 75V^§(y) (67) 
My + L) = My) M~y)^i5My)- 

Using this to eliminate V'2, the action again becomes twice the action for -ipi alone, where ipi obeys ipi{y) = lb^i{—y — 
L) and + 2i) — e^^ipi{y). Solving these yields 



; - 777 ■ (Ooj 



4- P2-R2 boundary conditions 

These constraints require toi/to2 = —91/92 = il- When mi = -012 we again find F = T = 0, and using the the 
freedom to redefine the global phases allows us to choose F = e^^cri, T = 1. The boundary conditions then become 

My + L) = e+^^My) M~y)^i^My) ^69) 
My + L)^e+'^My) M-y)^i5My)- 

Again "02 can be eliminated and the action then becomes twice the action for ipi alone; here the constraints on 
give the expansion 

*,(„) = 4=E»"-» i <-'>"'"^''" ) ; = (70) 

When mi = — m2 similar arguments lead to F = F = 0, T = e^^ai, T = 1, and 



As in the previous cases we can use the BC to eliminate ^2, now in terms of a translated tpi. ^2{y) = e^^i^iiy + 
The action then reduces to that for ijji alone, but with the radius of the compact dimension equal to 2L. 

IV. SIMPLE NON-ABELIAN CASES 
A. SU(2) models 

We consider a model with SU(2) as the gauge group and where all fermions transform according to the fundamental 
representation. This is a pseudoreal representation generated by the Pauli matrices a/; a2 plays the role of the matrix 
Su of section HTfI 
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1. One doublet 



When the theory contains a single SU(2) doublet, X, Y , etc. of section III Fl are just numbers, then since the 
representation is pseudoreal, H34|l and (|35|l imply XiYi = XiYi = (we drop the representation index u), which 
implies that for this case either F or T vanish (similar conclusions can be drawn for F and T). This leads to the 
following possibilities 





F 


T 






F 


T 




Pla 


XiUl 







Rla 







xliil 


Plb 





YiUl <J2 




Rib 









P2a 









R2a 


-Y2U^a2 





nui 


P2b 









R2b 










(72) 



where \Xi\ = \Yj\ = \Xk\ — \Yi\ — 1 and the last column in the Rj table gives the constraints on the matrices IJi 
imposed by the consistency condition B — B"^ . 

The remaining consistency condition, AB — {AB)'^ requires FF + T*T to be Hermitian and F*T — TF symmetric 
and leads to the following constraints 



Pir 



Plr 



P2r 



Rjs : 
R2s ■ 
Rls : 



where 



I (AA)2l2 r = s 

{(T2U2Ulf ^ {\\f r = s 

U2U1 = {UiUi f r ^ s 

{iJi(T2U2f ^ r^s 

U1U2 - (U^Uif r ^ s 





Pla 


Plb 


P2a 


P2b 


A : 


Xi 


Y* 


Y2 


Xi 





Rla 


Rib 


R2a 


R2b 


A : 


-Xi 


Y* 


-Y2 


Xi 



(73) 



(74) 



2. Two SU(2) doublets 

We have shown in (|35|l that for pseudoreal representations F (F) and T (T) can be simultaneously non-zero only 
if at least two SU(2) pseudo-real multiplets are present; this section illustrates such a scenario. For simplicity we will 
restrict ourselves to the case of only two doublets. 

Using then the freedom to make unitarity rotations of the doublets (which might render a non-diagonal mass matrix) 
it is straightforward to show that the rest of the conditions (|37|l have the solutions^ 



c 


f 


t 


ill 




c 


f 


t 


U2 


+1 


COS 6*1 $ 


5 1 


sin 9(72 ^ 


5 0-2 


1 


R2 : 


+ 1 


cos 6<T3 $ 


5 CT3 


i sin 6ai C 






-1 


cos 0(73 C> 


5 0-3 


sin 9(Ji § 


5 CTl 


10-3 




-1 


COS 6*1 (5 


5 1 


sin 0a2 € 


i (J2 


-(72 



where the first matrix in the direct product acts on the flavor indices and the second on the gauge indices. We have 
used the fact that the general solution to — ~1 is U — in ■ cr, for an arbitrary (real) unit vector n; similarly 
the solutions to UU* = — 1 are U = ±a2, and, finally, the solution to UU* = 1 is [/ = sin a + i cos (51 • cr with a 
real and 1 a real unit vector perpendicular to y. We have used the freedom to make global gauge rotations to set 
n = z, 1 = X, a = 0. 



Since there is only one representation present we drop the subscript u. 
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The general form of A follows from H35|l : 

X, = u,W, Y, = v,W*a2 (76) 

where Wi G SU(2) and \ui\'^ + = 1. These quantities are restricted by conditions JSHl, W^ - W^ - EU; but we 
will not study all possible cases as the results are not illuminating. The most important feature of this example is the 
presence of non-zero F and T (F and T). 



N SU(3) triplets 



In this section we consider a theory with gauge group SU(3) containing N triplets and N anti-triplets. Using the 
results obtained at the end of sect. Ill Fl we can replace all anti-triplets by their charge conjugates and obtain a theory 
where all fermions transform as a 3 of SU(3); because of this we take N ~ 0. In this case 











(77) 



where In denotes the N x N unit matrix in flavor space and {Xa} denote the usual Gell-Mann matrices^. 

If the boundary condition PI is chosen then the constraint (0 implies T — Xi ig) ul, T = 0; in contrast if P2 is 
imposed then F = 0, T = X2 (8) C/J with similar results for Rj. These results are summarized in the following tables 



PI 



P2 



Xi (g) ul 
X2(g) 



F 
t 



Rl 



R2 



~Xi (g) ul 

X2^U- 



where Xi, Xj are unitary N x N matrices restricted by the consistency conditions B — and AB 
specified in (P I) and P Hl - 



(78) 



(AB)'' as 



V. CONDITIONS FOR THE PRESENCE OF ZERO KK MODES 



In order to extract the 4D particle content of this type of theories the standard approach is to expand the fields 
as Fourier series in the compact coordinate. For fermion fields the resulting Fourier modes can have 3 possible 
contributions to their mass: those generated by M, those generated by the ^84'^^ term and, finally, those generated 
by ^'(^4)^' (whenever a non-zero vacuum expectation value is present). The scale of the last two contributions is set 
by 1/L and is therefore relatively high. The SM light fermions are presumably much lighter than the compactification 
mass scale l/L, therefore in any realistic setup, the SM fermions are supposed to be zero-modes, avoiding at least the 
large ^^4^' contribution to their mass. In considering the phenomenology of the class of 5D models discussed in this 
paper, it is useful to determine and discuss the general conditions that allow for the existence of such zero-modes, 
this is our task for this section. 

Light fermions may exist provided the boundary conditions allow zero modes and if {A4) = (as can occur if one 
of the conditions (|43|) is not satisfied). Specifically, we assume that the conditions xiu) = -^xiv + L) — "i^B^ x{~v) 
allow the expansion of x in terms of a complete set of modes, x(x,?/) = ^Xn{x)vn{y) (examples are provided in 
section HlB . Massless modes are associated with a basis function that is independent of y. Writing xo = (C^iC)"^ 
and substituting into Q and ||HJ| gives 

{1-A*)xo = (l-75S*)xo = 0. (79) 
In order to avoid having xo = as the only solution we must have det(l — A*) =det(l — ^^B*) ~ 0. 



It is worth noting that an SU(3) Hermitian matrix can be written in the form — (l/3)l3 -|- \J 4/3^a Aa with = 1 la = VSdabc^b^c 

(dabc denote the fully-symmetric SU(3) symbols). 
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Using Q and © these constraints on the hght modes become 

(i-r)a = T*(Cii)^ (i + r]CL = -T*{CR 



■ v~ \ (80) 

tCl - (r* - 1) iCnr tcl = (r* - i) (CbT ■ 

Assuming T = T = 0, the only possible solution of the above equations is F = 1 and F = 1 with = or F = 1 
and F = — 1 with (ji — 0. It is worth noting that this special case is the standard strategy adopted in the context of 
universal extra dimensions in order to construct chiral effective 4D theory. 

Other solutions must be considered on a case by case basis. Note however that if detT 7^ 0, then the two equations 
involving F and T are equivalent: from B — B'' = B~^ we find T*T = 1 — F^ and TF = r*T, so, if T has an inverse, so 
do libF; this also shows that T*~^(l + F) = (1 — F*)^^F which proves the assertion. Therefore one of the constraints 
involving F and T in H80|l can be dropped. 

From |j2Jl and © one can easily find the necessary conditions which must be fulfilled for gauge boson zero modes 
to exist. Denoting by a, b, . . . the gauge indices associated with these zero modes we find that the 4D gauge fields 
A'^ have a zero mode provided [T°',Ui] — and [T°',Uj] = 0. The zero mode of is present if [T°',Ui] = and 

{rMi,} = 0. 

As we have already observed in section [llll the fermionic zero modes may satisfy the generalized Majorana 4D 
condition: 

c=ivc4(cr, (81) 

where C4 is the 4D charge conjugation operator-*^*^, and N acts on flavor and gauge indices. In this case we can express 
C as 

(82) 

where if denotes a 2-component spinor and (T2 acts on the Lorentz indices. Consistency of this expression requires 
NN* = 1. 

For the Majorana spinor (, the conditions (|79l) become 

(l-F)^ + iTV2</j* =0, {N*r-T*N*)^^0, {N*T* -TN)^* ^0 
{N + if*)a2<f* -T^p^O, {N*r + f*N*)Lp^O, {N*f* + fN}ip*^0. 

It is useful to illustrate the above conditions by certain special cases: 

• If T = and F = 1 {A = 1, so periodic fermionic fields), and T = then it is easy to see from (jSHjl that more 
than one flavour is needed to have a Majorana zero mode. 

• If F = then there is always a Majorana zero mode with N = — zT^. This case is illustrated by the BC 
(PI — R2) for a single Abelian fermion, if u = 1, v — {a — 0) are chosen, see (|52|l . then N — —i. 

• If T = F* 7^ 1 and T is invertible (so charge conjugated field appears in the periodicity BC) then again 
there exists a Majorana zero mode if = ~iT~^{l — r*)r* and if this matrix satisfies the constraints of the 
last two columns in (|83|l . For an Abelian model this again requires more than one flavor: the single fermion 
case would correspond to the (P2 — Rl) BC for which, using l|52|) . T ~ Sf,, T = 1, F = T = 0. In this case, 
however A*F + F*A^* = 2i, so that the corresponding equation in H83|) implies cp — 0. 




In the Dirac representation C4 = 7072 while the 5D one is C5 = 7173. It is useful to note that 75C5 = —iC'4. 

The necessary existence of X"'^ is guaranteed by the unitarity of B. In this case a charge conjugated field appears in the orbifold BC. 
Again the unitarity of B shows that F 7^ 0. 
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A. Examples 

A simple situation that allows for the presence of light modes is realized by taking A — 1 (periodic fermions), and 
assuming detT ^ 0, then we have 

(Cflr = -(T*)-i(i+f)a, (84) 

or, equivalently, 

where (j) is a two-component spinor ((T2 acts on Lorentz indices, T and T on flavor indices). Using unitarity of B and 
invariance of the mass term under the orbifold twist one can show that in this case the mass term in the Lagrangian 
becomes 

CMC = ~2(t)^M(j) (86) 

having taken M real and diagonal. The diagonal elements of M could be chosen arbitrarily small. Note that if F = 
then the zero mode C is a Majorana type fermion. 

For a specific example let us consider an SU(2) theory containing two doublets (we still assume .4=1). The 
representation is pseudoreal generated by the Pauli matrices u/; (T2 pla-ys the role of the matrix of section FlI Fl In 
this case we will write C"^ = (V'l: ^^2)"^ where ipi {i ~ 1, 2) are doublets with the flavor index i (the gauge index is not 
displayed). The matrix B was determined in section HV Al see (|75|l . 

The simplest case corresponds to c = 1 in H75|l . which we assume. This case illustrates the interesting possibility 
of non-zero F and T, which can occur only if there exists at least two multiplets transforming according to the 
same pseudo-real representation, as was mentioned at the end of section IIIFI We find that H75|l and (|80|) imply 
Pr''Pi,2 = cot(0/2)(T2(^LV'2,i)'^ (where tT2 acts on the gauge indices). In particular "02 can be expressed in terms of 

= ^ / COS0 + 75 \ ^^^^c (^^^ c = +l). (87) 
y sin J 

The light modes C can acquire a small mass of order M provided {B,A4} — 0. This can occur for Rl and 
c — —1 or R2 and c = +1: in either of these cases M should satisfy {a3,M} = and ctiA/cti — A/*, so that 
M = TOiCTi + m2cr2, wi,2 real; the physical masses are simply ±-y/ -t- rri^. 

Abelian examples of zero modes were briefly mentioned in section IIIII The possibility that the gauge fields 
acquire a vacuum expectation value contributing to the fermion mass will not be discussed in detail here. 

B. Gauge invariance 

The conditions (|80|l need not be invariant under arbitrary y-independent gauge transformations fi, C ^ 51(x)C 
(see (|17|) '). leading to a reduction of the gauge group for the light sector. The specific constraints follow from the 
decomposition (jHOfl that allows us to write O = diag(- • • , Idg (8) ^e, ■ ■ ■ Id^ ^ ^u, ■ ■ ■) where ilr denotes a gauge 
transformation in the space corresponding to the irreducible representation r. 

Using this we then find from (|80|) (or equivalently from (|25|l for y-independcnt fl) that for non-complex represen- 
tations the BC are preserved by gauge transformations that obey 

PI: [Ui.,u,n.u]=0 Rl: [?7i;„,fi„]=0 

P2: [Sl-U2;u,n^]=0 R2 : [^t . [/2:„, = , 

where we use the same notation as in sec. HlFl (see for related arguments in the case of standard BC). 

It is easy to see that the ft satisfying the constraints (|88|) form a subgroup of the original gauge group and, in 
general that its representation is complex. It is therefore possible to use BC to select a light sector that has both a 
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chiral structure and a smaller gauge group. Such a breaking has clear value in model building and will be investigated 
in a future publication. 

For complex representations we find the same conditions for PI and Rl, but not when P2 or R2 are imposed: 

PI: [Ui,u,n,]^Q R\: [Ui,^,^e]^Q 

P2 : Vq^ U2;tniUlj, R2: il} ^ U2;t^tUl.^ ■ 

For P2 and R2 these conditions cannot be satisfied by all elements of the initial gauge group (since they would then 
imply that the representation is non-complex) , so the gauge group of the light sector must be smaller then the initial 
group, and the light sector fermions will transform according to a non-complex representation of this subgroup^'^. 

Let us now consider the gauge invariance of the gauge boson light sector. As it was already mentioned earlier, the 
gauge fields will have a zero mode provided 

PI: +Ta^UiTaUl Rl: +Ta = UlTaUl .gp. 

P2: -Tl = U2nul R2: - = U2TaUl . 

Comparing H88|l and (|89|) with H9U|) . it is easy to see that both for non-complex and for complex representations, the 
generators Ta that correspond to zero modes generate the symmetry group of the light sector. In other words, the 
gauge symmetry of the zero mode sector can be easily determined just by inspection of the massless vector bosons. 

As an example let us consider here SU(2) gauge theory with a single doublet of fermions. We adopt the PI — Rl 
BC and choose 

r = (73 T = f/l = 4(73 /g-[^N 

f=lt = 0?7i = l. 



which is a slight modification of the example discussed at the end of section III El In that section we found that the 
symmetry of the light sector was completely broken due to non-trivial orbifold BC {B ^ 1). Here we choose B = 1 
so that the y-independent gauge transformations generated by 0-3 are allowed, as a consequence the zero mode of A'^ 
survives. In turn, the light fermion modes obey 

a = ((T3-l)(Cfl)' = 0. (92) 

The light-sector contains only the A^ massless gauge bosons and a right-handed, charged (and therefore massless), 
fermion. 



VI. SUMMARY AND CONCLUSIONS 



In this paper we considered a generic gauge theory in a 5-dimensional space compactified on x (5*1/^2), and 
studied the effects of a generalized set of boundary conditions (BC) that allow for mixing between particles and 
anti-particles after a translation by the size of the extra dimension or after an orbifold reflection. 

We described the consequences of gauge invariance as well as the general form of the boundary conditions consistent 
with it. We also studied the behavior of this class of theories under 5D parity(P), charge conjugation(C) and CP. In 
particular we determined the conditions under CP will be violated (explicitly) by the BC as well as spontaneously, 
through a possible vacuum expectation value of the fifth component of the gauge fields. 

We derived a simple set of conditions that determine the light-particle content of the model and the corresponding 
gauge subgroup, noting also the possibility that the light fermions might have chiral structure and transform under 
complex representations of the light-sector gauge group, even though the underlying theory is vector-like and contains 
only real representations of the full gauge group. In addition we derive the conditions under which the model generates 
light Majorana particles. 

We believe these aspects will be of relevance in constructing phenomcnologically acceptable theories. 
The general considerations were illustrated by many Abelian and non-Abelian examples. 



An example would be an SU(3) theory with fermions in the fundamental (complex) representation where the light sector gauge group 
is reduced to SU(2) that has only non-complex representations. 



20 



APPENDIX A: ONE ABELIAN FERMION 

Here we will consider the one fermion case with (PI — R2) BC. The fermion mass term H60|) . can be brought to the 
standard real form m';^^^^'^ ipni^n through the following chiral rotation^**: 

■0„ ^ exp(i756'„)?/'« with tan(26>„) = ; |6'„| < 7r/4 (Al) 

From this we find that the physical fermion masses^^ are 



m 



i^'-^ = l/M^+(^^)', (A2) 



Form the orbifold conditions and from the reality of the gauge field we have the following constraints for the bosonic 
KK modes: 

At, = +A\^{At,y (A3) 

The above conditions allow to rewrite the Lagrangian in terms of non-negative modes only. In addition one can see 
that A^^g = ReA^ = Im^fj = 0. Adding the gauge fixing Lagrangian, 

C,f^~^{d,A^ + id,A^f (A4) 

the gauge kinetic energy terms read 

n=l 

where £a — —{FmnY' / and where we defined the fields 

X = -VlReA4^o, S,'^ = \/2lW^:, Bf, = V2L^eAl. (A5) 
In terms of the and the rotated fermion fields defined in (|A1|I we obtain 

/ dy^ii-i'^DN - M)^ = Y^^Ai^- m^Phy-)] - 5X ^» [sin(20„) - 175 cos(20„)] V„ 

--^< iY^^k [cos(6'fe - 6*0 + «75 sin(6lfe - d{)\ ^k^iin 
I k>i 

+ 51 ^fc-iV^fc [sin(6'fe + - 175 cos(e'fc + B{)\ + H.c. I , 

k>l J 



(A6) 



where g = g^l „ 

From these expressions one can obtain the effective potential for the scalar x- Following (including an additional 
factor of 1/2 since we are dealing with Majorana fermions) we find 

Kff = ^^Re [Li5(C) + 3a;Li4(C) + a:'Li3(C)] , (A7) 



The chiral rotation of the fermions induces an e.^vapF^i,F''P term in the Lagrangian; however, in the Abelian case considered here, this 
is a total derivative and therefore it can be dropped. 

In order to include contributions from non-zero vacuum expectation value of A4, one should replace a by (a — g^qL^^'^ {A^)). 
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where 

x = ML C = e-^+*("-''^<>^» . (A8) 

The absolute minima occur at a — gL{x) = ±7r, ±37r, . . ., but this does not lead to any physical CP violation effects 
unless we add a second fermion with different charge and/or different a (modulo tt), see 0- 
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